We introduce and analyse a new class of monotone stochastic recursions in a regenerative environment which is essentially broader than that of Markov chains. We prove stability theorems and apply our results to two canonical models in recursive economics, generalising some known stability results to the cases when driving sequences are not independent and identically distributed. We also revisit the case of monotone Markovian models (or, equivalently, stochastic recursions with i.i.d. drivers) and provide a simplified version of the proof of a stability result given originally in Dubins and Freedman [11]; see also Bhattacharya and Majumdar [5].
Introduction
The dynamic evolution of a number of economic models can be described by a stochastic recursive sequence (SRS), or stochastic recursion of the form [see, e.g., 23; ch.6] X t+1 = f (X t , ξ t ) a.s., (1.1)
where {ξ t } is a stochastic process with ξ t ∈ S, X ∈ X is the state variable of economic interest and f : X ×S → X is an appropriately measurable function. The process {ξ t } is known as the driving sequence of the stochastic recursion. For a given X 0 and given (random) values of ξ 0 , . . . , ξ t−1 , the system (1.1) generates a (random) value of X t .
It is well-known [see, e.g., 6 ] that, under extremely general conditions (see Section 2.1 for details), any time-homogeneous Markov chain may be represented as an SRS (1.1) with independent and identically distributed (i.i.d.) driving elements ξ 0 , ξ 1 , . . ..
The questions we address in this paper are whether and under what conditions there exists an equilibrium distribution for X and if so, whether it is unique; whether the sequence X t converges and if it does, whether the long-run distribution is independent of the initial conditions.
The answers to these questions depend on the spaces X and S, the function f and the nature of the driving sequence. In this paper we are concerned with the case where the function f is continuous and monotone increasing and ξ is a regenerative process. We make appropriate assumptions on X and S to be specified below. Loosely, a stochastic process is regenerative if it can be split into independent and identically distributed (i.i.d.) cycles. That is, if there exists a subsequence of (random) dates such that the process has the same probabilistic behaviour between any two consecutive dates in the subsequence. The cycle lengths (lengths of time intervals between these dates) may also be random, in general, with the only requirement that they have a finite mean value. As an example, consider a finite-state time-homogeneous Markov chain with a single closed class of communicating states. If the chain starts in some state z 0 , then the subsequence of dates corresponds to the dates at which the chain revisits state z 0 . Between each of these dates the chain has the same probabilistic behaviour.
1 We present later a number of further examples of processes that have such regenerative property. It allows us to obtain more general results on stability of monotone stochastic sequences, means that {ξ t } is a Markov chain itself, or SRS of the form ξ t = g(ξ t−1 , ε t−1 ) with i.i.d. {ε t }), then the process Y t := (X t , ξ t ) is clearly Markovian (see, e.g., Stokey et al. [24; Chapter 9] or Hopenhayn and Prescott [14; Corollary 5] ). More precisely, if {ε t } is an i.i.d. sequence, then the pairs Y t = (X t , ξ t ) represent a time-homogeneous Markov chain or, equivalently, an SRS of the form Y t+1 = F (Y t , ε t ) := (f (X t , ξ t ), g(ξ t , ε t )). Then one can use the monotone convergence approach to the study of the extended Markov chain Y t . There are several disadvantages of this approach. First, in order to apply monotone convergence results we have to require that function f is monotone (increasing) in both arguments, and also that the transition function g for ξ t is increasing in the first argument (while the latter restriction seems to be natural in some economic applications, the requirement for f to be increasing in the second argument is much more problematic). Second, the fact that the state space for the extended state variable is of a larger dimension, may create technical difficulties. 4 We avoid these disadvantages by assuming a generalised version of the splitting condition of Bhattacharya and Majumdar [5] and monotonicity (and continuity) of f and allowing a much more general structure of ξ t , assuming it to be regenerative (more precisely, we assume that the family of the ξ's is driven by a regenerative process; see Section 2 for details). Our first result, Theorem 1, reproduces a result of Bhattacharya and Majumdar [5] for the i.i.d. case. The result is then generalized in Theorem 2 to allow for a regenerative driving sequence. A corollary to this theorem (Corolloary 1) gives the result in the important special case where the driving sequence is itself an aperiodic Markov chain with a positive atom.
We develop our approach in a simple scenario with a compact and completely ordered state space (which may be taken to be [0, 1] without loss of generality) and assuming an analogue of the monotone mixing condition of Bhattacharya and Majumdar [see, e.g., 4; condition (1.2)] to hold. In the case of an i.i.d. driving sequence (we focus on this case for simplicity of notation and explanations; similar assumptions are needed in the Markovian case), this condition says that, for some c ∈ [0, 1], there is a finite time N such that, first, for the Markov chain X (1) t that starts from the maximal state X
(1) 0 = 1 at time zero (with any ξ 0 ), the probability of being below c after N jumps is positive, P(X being above c after N jumps is also positive, P(X (0) N ≥ c) > 0. In many economic applications the function f is the policy function of a stochastic dynamic programming problem and a number of workhorse models have this structure. Examples include the optimal stochastic growth model of Brock and Mirman [8] , the Bewley-Imrohoroglu-Huggett-Aiyagari precautionary savings model of Bewley [3] , Imrohoroglu [16] , Huggett [15] and Aiyagari [1] , and the risk-sharing under limited commitment model of Kocherlakota [19] and Ligon et al. [20] . We apply our results to these cases and demonstrate that the convergence properties of the latter two models hold under less restrictive assumptions on the driving sequence than used in the current literature. This requires us to show that the policy functions and splitting condition are preserved with a more general driving sequence. In particular, we generalise the policy function results of Huggett [15] , who assumed that the driving process is a positively correlated (two-state) Markov chain to allow for any correlation structure.
The paper is organised as follows. In Section 2 we describe the model and provide our main results. First, we describe regenerative processes and give a number of examples. Next, we review the results of Bhattacharya and Majumdar [5] for an i.i.d. driving sequence. Then, we present the main results showing that if a mixing condition similar to that given in Bhattacharya and Majumdar [5] are satisfied between the dates when the driving sequence regenerates, then stability holds. Section 3 gives two applications of our main result. The proofs of the main result is given in the text and subsidiary proofs are put in the Appendix.
The Main Model
In this section, we outline the main properties of regenerative processes, provide examples of regeneration for Markov chains, and finally introduce our main model, which is a stochastic recursive sequence with a regenerative driver.
Let Z n , n ≥ 0 be a (one-sided) regenerative sequence on a general measurable space (Z, B Z ). The sequence is regenerative if there exists an increasing sequence of integer-valued random variables (times) 0 = T −1 ≤ T 0 < T 1 < T 2 < . . . such that, for τ n = T n − T n−1 , n ≥ 0, the vectors
are independent for n ≥ 0 and identically distributed for n ≥ 1. A random vector (2.1) is called a cycle with cycle length τ n . In this paper, we deal with discrete time and, therefore, assume T n to be integer-valued. We further assume that
It is known [see, e.g., 2] that if, in addition, regenerative times are aperiodic,
then Z n has a unique stationary/limiting distribution, say π, and converges to it in the total variation norm:
Remark 1. A typical regenerative scenario is produced by a positive recurrent time-homogeneous Markov chain with an atom (Markov chain with a positive atom, for short). This is a Markov chain with a general state space (Z, B Z ) that contains a point z 0 ∈ Z such that, for any z ∈ Z,
and ET z 0 1 < ∞. Below we give some examples of renegerative structures in the particular case where a Markov chain {Z n } takes values in a finite state space Z and is irreducible and aperiodic. Recall that, in this case, the Markov chain is positive recurrent, has a unique stationary distribution, say π, and, for any initial value Z 0 = z, there is convergence to π in the total variation norm. In the case of finite Z, the sigma-algebra B Z contains all subsets of Z.
Example 1. Pick any point z 0 ∈ Z and let
be the first time the process hits state z 0 . Define further
for all j ≥ 1 to be the j-th time the process hits state z 0 . Clearly the process {Z n } with the times {T j } possesses the regenerative structure.
Example 2. Let p(z i , z j ) = P(Z 1 = z j |Z 0 = z i ) be the transition probabilities of the Markov chain. Take K ≥ 2 and consider a sequence (ω 1 , ω 2 , .., ω K ) ∈ Z K . If p(ω i , ω i+1 ) > 0 for each i = 1, .., K − 1, then we say that this sequence forms a word . Let
be the first time the word (ω 1 , ω 2 , .., ω K ) appears in the sequence {Z n }. Similarly, for each j = 1, 2, . . ., let
be the second, third, etc. times the same word appears in the sequence. Clearly, {Z n } is a regenerative process with regenerative times {T j }.
Example 3. In the setting of example 2, let, more generally, k ∈ {0, 1, 2, . . . , K} be any number. Let further T j = T j −k, for j = 0, 1, 2, . . .. Then again {Z n } is a regenerative process with regenerative times { T j }.
Example 4. In the setting of the previous example 2, let N ≥ 1 be any integer and let T j = T N j . Then {Z n } is again a regenerative process with regenerative times { T j }.
Example 5. Now we extend example 2 in another direction. Suppose there are I ≥ 2 words (ω i,1 , ω i,2 , .., ω i,K i ) with corresponding lengths K i , i = 1, .., I, such that ω 1,K 1 = ω 2,K 2 = ... = ω I,K I (i.e. they all end with the same character). Assume that none of these words is a "subword" of any other (i.e. cannot be obtained from another word by removing a number of characters at the beginning and/or at the end). Let
In other words, here T 0 is the first appearance time of any of the words.
Let K = max i=1,...,I K i and define times T 1 , T 2 , . . . by induction: given T j , we let
for some i = 1, . . . , I}.
Then again {T j } forms a sequence of regenerative times for Markov chain {Z n }.
The following example, which is a particular case of example 5, maybe considered as a simple example with two states of the economy.
Example 6. Consider a particular case of the previous example. Let the Markov chain have a two-point state space {1, 2} and assume that p(i, j) > 0 for all i, j ∈ {1, 2}. We can then take any K 1 , K 2 ≥ 3 and assume the two words to be as follows:
Define times {T j } as in the previous example. These times are clearly regenerative for the process {Z n }. Note also that the same applies to times {T j − 1} and {T j − 2}.
Now we turn to the general framework. Assume that, along with regenerative process {Z n }, we are given a family of random variables {ξ z n } z∈Z,−∞<n<∞ that take values in a measurable space (V, B V ). We assume that
• this family does not depend on {Z n },
• contains mutually independent random variables,
• for each z ∈ Z, random variables {ξ z n } n≥1 are i.i.d. with common distribution G z , and that,
• for each y, the function G z (y) is measurable with respect to z.
The main aim of the paper is to study the behaviour of a recursive sequence
assuming that
• the function f is measurable and monotone in the first argument, with respect to some ordering;
• sequence {Z n } is regenerative and satisfies conditions (2.2)-(2.3).
I.i.d. driving sequence
We start with a particular case when Z n = z = const for each n. We then drop the upper index and simply write
where the ξ's are i.i.d. We revisit some results from Bhattacharya and Majumdar [5] [see also 11] .
Recall that the relation between time-homogeneous Markov chains (with a general measurable state space (X , B X ) and recursions (2.5) with i.i.d. drivers is well-understood [see, e.g., 18, 6] that if the sigma-algebra B X is countably generated, then a Markov chain may be represented as a stochastic recursion (2.5) with an i.i.d. driving sequence {ξ n }. In particular, any real-valued or vector-valued time-homogeneous Markov chain may be represented as a stochastic recursion (2.5) .
In what follows, we restrict our attention to real-valued X n and, moreover, assume that the state space X is the closed interval [0, 1].
(2.6)
Introduce the uniform distance between probability distributions on the real line as
Here
, we assume the function f to be monotone increasing in the first argument: for each v ∈ V and for each 0 ≤ x 1 ≤ x 2 ≤ 1, Similarly, the sets
also form intervals containing zero, for all v 1 , v 2 ∈ V and for all y ∈ [0, 1]. Further, by the induction argument, we define similarly sets S (n) (v, y) for all y ∈ [0, 1] and for all vectors v = (v 1 , .., v n ) with v i ∈ V for all i.
We write for short
We also denote by F (x) n the distribution function of the random variable X n if X 0 = x. More generally, we denote by F (µ) n the distribution function of X n if X 0 has distribution µ. 
exponentially fast. Further, π is the unique stationary distribution for the Markov chain X n .
In order to make the paper self-contained a concise proof of Theorem 1 that is useful for proving our main result (Theorem 2) is given in the Appendix. The first results in this direction were obtained in Dubins and Freedman [11] (under an additional assumption of continuity of the mapping f ).
Remark 2. Theorem 1 is easily generalized to a case where the set S has a partial order, ≤, such that there exists least element s 0 ∈ S and greatest element s 1 ∈ S and f is monotone increasing in the first argument (with respect to the partial order ≤). In this case, the mixing condition requires that there exists a ε > 0, an integer N ≥ 1 and sets C u ⊂ S and C l ⊂ S such that for every element s ∈ S, there either exists an element c ∈ C u such that s ≥ c, or there exists an element c ∈ C l such that s ≤ c; and for every c ∈ C u , P (s 1 ) (X N ≤ c) > ε, and for every c ∈ C l , P (s 0 ) (X N ≥ c) > ε.
Remark 3. Note that the assumptions of Theorem 1 may be rewritten in an equivalent form as follows: assuming in addition that the trajectories X
(1) t and X (0) t are mutually independent, there is a positive N such that
This condition is called a strong reversing condition by Kamihigashi and Stachurski [17] because then, due to the monotonicity, it also holds for any other pair of initial conditions 0 ≤ x 0 < y 0 ≤ 1, with the same δ and N, namely P(X
One can consider our approach in a more general setting (developed for Markov chains by Kamihigashi and Stachurski [17] and Szeidl [25] ), assuming, more generally, that the state space may not contain top and/or bottom points (then the δ and N may, in general, depend on (x 0 , y 0 )) and, moreover, that the order is only partial. In particular, Szeidl [25] suggested a reasonable "replacement", say, for a top point (if one does not exist) by a random "top" point. Namely, assume, say, the state space for the Markov chain is the positive half-line [0, ∞) where there is the minimal element 0 but there is no maximal element, and suppose that a Markov chain X t is defined by a stochastic recursion X t+1 = f (X t , ξ t ) with i.i.d. {ξ t }. Assume that there exists a random measure µ on [0, ∞) such that if X 0 ∼ µ and if X 0 does not depend on ξ 0 , then
. Then the distribution µ may play a role of a new random "top" point if, for example, the distribution of µ has an unbounded support. For instance, if there exists another function, say h such that f (x, y) ≤ h(x, y) for all x, y and that a Markov chain Y t+1 = h(Y t , ξ t ) admits a unique stationary distribution, say µ. If µ can be easily found/determined, it may play the role of a random "top" point.
Here is a simple example. Assume that X t is a discrete-time birthand-death-process with immigration at 0, i.e. a non-negative integer-valued Markov chain, which is homogeneous in time and with transition probabilities P(X 1 = 1 | X 0 = 0) = 1 − P(X 1 = 0 | X 0 = 0) = p 0 > 0 and, for k = 1, 2, . . . , let P(
Assume further that the p k are non-decreasing in k (this makes Markov chain monotone), that all are smaller than 1/2 and, moreover, that
Then this Markov chain has a unique stationary distribution µ (which is clearly geometric), and it gives a random "top" point.
In Borovkov and Foss [6] , a similar concept of a stationary majorant was developed and studied, where the top sequence {X n } is assumed to be stationary.
Similar ideas have been developed earlier in the area of so-called "perfect simulation", with introducing an artificial random "top" point [see, e.g., 9; and the references therein] for simulation "from the past".
Regenerative driving process
We now turn our attention to the general regenerative setting (2.4), but continue to assume (2.6) to hold. We formulate and prove a general result and then give some important corollaries and examples.
We introduce an auxiliary processX
n that starts fromX n coincides in distribution with the process X started at time T 0 from the state a, and assumptions (2.10) and (2.11) ensure the mixing (similar to that guaranteed by conditions of Theorem 1) over a typical cycle (from T 0 to T 1 ) of the regenerative process Z. Theorem 2. Assume that recursive sequence {X n } is defined by (2.4) where the function f is monotone increasing in the first argument and the sequence {Z n } is regenerative with regenerative times {T n } which satisfy conditions (2.2)-(2.3).
Assume that the following assumptions hold:
10)
and ε 2 := P X (0)
Then there exists a distribution π on [0, 1] such that
n is the distribution of X Tn if X T 0 = x. Further, if in addition the function f is continuous in the first argument, then the distributions of X n converge weakly to π, for any initial value X 0 .
Proof. Introduce a sequence Y n−1 = X Tn for all n ≥ 0. This sequence is clearly a Markov chain and can therefore be represented in the form (2.5)
with an i.i.d. driving sequence
and the function g is defined by
is the k-th iteration of function f and f (0) is the identity function. In addition, this recursion is again monotone in the first argument, due to the monotonicity of function f .
The assumptions of the theorem imply that there exists c ∈ [0, 1] such that P(Y 1 ≤ c|Y 0 = 1) = P X (1)
Hence, the assumptions of Theorem 1 are satisfied with the same c and with N = 1. This implies the first statement of the theorem. In the rest of the proof, we assume for simplicity that T 0 = 0 a.s. (the proof in the general case essentially follows the same lines, but requires more notation).
Let θ be a measure-preserving shift transformation, i.e. ξ
for any n and, further, h ξ Zn n , . . . , ξ
for any deterministic function h and for any k ≥ n. Denote also by θ m the m-fold iteration of θ (with the convention that θ 0 is the identity transformation and θ −m is the inverse of θ m for positive m. Consider now the sequence V n = X Tn • θ −Tn .
If X 0 = 1, then V n+1 ≤ V n for all n, by the monotonicity of function f . Since V n ≥ 0, there exists a finite limit V := lim n→∞ V n . The a.s. convergence of the sequence X Tn • θ −Tn , along with the monotonicity of function f , implies a.s. convergence of
Then the induction argument implies that the sequence
also converges a.s. and coordinate-wise monotonically to a limit as n → ∞, for any fixed k. In turn, this implies convergence of the sequence
for any k. Since the counting r.v. τ 1 is finite a.s., the latter convergence implies a.s. monotone convergence of the sequence
Finally, again due to continuity of function f , the limiting elements
satisfy the recursion
and random vectors
Consider now a discrete-time stationary process Z n , −∞ < n < ∞ (we are using the upper index to accentuate stationarity of the sequence). Let −∞ < . . . < T −1 < 0 ≤ T 0 < T 1 < T 2 < . . . < ∞ be its regenerative epochs. For k = 1, 2, . . ., consider sequence X n,k that starts at time T −k from the state X T −k ,k = 1 and follows the recursion
As k increases, the sequence X n,k monotonically converges to a limit, say X n , a.s., for each given n. Due to continuity of function f , the limiting sequence satisfies also the recursion
In particular, the values of X Tm have the same distribution with r.v. X 0 . Further, for each k = 1, 2, . . ., X T −k coincides in distribution with V 1 . Then, from the classical renewal theory, it follows that X n forms a stationary process.
Remark 5. The assumption of continuity of f in Theorem 2 can be relaxed to one-sided continuity of f in its first argument (either left-sided or right-sided continuity).
The case where the governing sequence is Markov
In the particular case where {Z n } is a Markov chain, Theorem 2 leads to the following corollary. Corollary 1. Assume again that the recursive sequence {X n } is defined by (2.4) , that the function f is continuous and monotone increasing in the first argument. Assume further that {Z n } is an aperiodic Markov chain with a positive atom at point z 0 (see remark before example 1). Assume also that there exists a number 0 ≤ c ≤ 1, positive integers N 1 and N 2 and sequences z 1,1 , . . . , z N 1 ,1 and z 1,2 , . . . , z N 2 ,2 such that z N 1 ,1 = z N 2 ,2 = z 0 and, for i = 1, 2, the following hold:
and that
Then the distribution of the Markov chain X n converges weakly to a unique stationary distribution.
Proof. We have to show that Corollary 1 follows from Theorem 2. For that, we have to define a typical (say, first) regenerative cycle and show that all the conditions of Theorem 2 hold.
Assume that Z 0 = z 0 , so T 0 = 0. Let T 1 = τ 1 = min{n > 0 : Z n = z 0 }, then the aperiodicity means that G.C.D.{n : P(T 1 = n) > 0} = 1. Let T n = n 1 τ j where τ j are i.i.d. copies of τ 1 . Let the conditions of the Corollary hold, and let k i be the number of occurrences of z 0 in the sequence z j,i , for i = 1, 2. Let L be the least common multiple of k 1 and k 2 , L = min{l : l/k 1 and l/k 2 are integers}.
Let α be a random variable taking values 0 and 1 with equal probabilities and does not depend on any of the processes defined in the model. Then define a regenerative cycle as follows: T 0 = 0 and
Verbally, we suppose that our regenerative cycle is either a single cycle or a sum of L cycles, with equal probabilities. Then all the conditions of Theorem 2 hold (with T i in place of T i ). Indeed, condition (2.2) follows since it holds for τ 1 , and since T 1 is not bigger than T L , the sum of L copies of τ 1 . Condition (2.3) follows because the set of all n such that P( T 1 = n) > 0 includes the set of all n such that P(τ 1 = n) > 0 and, therefore,
so, given aperiodicity, both greatest common divisors are equal to 1. Finally, ε 1 in (2.10) is not smaller than 
Applications
In this section we present two workhorse models. We extend known stability results by weakening the assumption on the underlying driving process.
Bewley-Huggett-Aiyagari Precautionary Savings Model
The basic income fluctuation model in which many risk-averse agents selfinsure against idiosyncratic income shocks through borrowing and saving using a risk-free asset, is dubbed by Heathcote et al. [13] "the standard incomplete markets model" and is the workhorse model in quantitative macroeconomics. At its heart is the stochastic savings models of Huggett [15] with an exogenous borrowing constraint, or close variants of this model. 5 As Heathcote et al. [13] observe, there are "few general results that apply to this class of problems." Existing analytical work in the standard model requires, to the best of our knowledge, either that income fluctuations are i.i.d., or that an individual's income process is "persistent" or monotone: a higher income today implies that income tomorrow is higher in the stochastic dominance sense. While the latter is a natural assumption to make in many contexts, it is nonetheless restrictive, and we show here that our results allow for an arbitrary stationary income process in Huggett's model with a finite number of states (we maintain all his other assumptions). 6 Obvious examples of non-monotone processes would include termination pay where a worker receives a one-off substantial payment on cessation of an employment, but is then unemployed, and health shocks where an insurance payout is received but future employment prospects are diminished.
Finding a steady state in these models requires identifying an interest rate R * , say, so that at R * there is a stationary distribution for individual wealthreflecting different individual histories of income shocks -such that net asset demand is zero. Apart from existence, important ingredients of this approach in practice are: uniqueness of the invariant distribution at any given R, which is important for continuity of the asset excess demand function; and stability, which matters both as it implies a straightforward approach for computing net asset demand at any candidate R (weak convergence is sufficient), and also as a heuristic justification for focusing on the steady state.
Agents maximize expected discounted utility
where c t ∈ R + is consumption at time t, t = 0, 1, . . . , u(c) = c 1−γ /(1 − γ), 5 Bewley [3] and Aiyagari [1] vary the context but the individual savings problem is similar. They each derive existence and convergence results under slightly different assumptions. Bewley assumes that the endowment shocks are stationary Markov, Huggett [15] assumes positive serial correlation and two states, and Aiyagari assumes that endowment shocks are i.i.d. Imrohoroglu [16] uses numerical methods with a two state persistent income process as in Huggett.
6 Miao [22] extends Huggett's model from two states to many states.
γ > 1, subject to a budget constraint at each date
a borrowing constraint a ′ ≥ a, where e is the current endowment, a is current assets, a ′ is assets next period, c is consumption, β ∈ (0, 1) is the discount factor and R −1 > β is the price of next-period assets. It is assumed that e ∈ {ê 1 , . . . ,ê n } =: E, n ≥ 2,ê n >ê 1 ,ê i+1 ≥ê i > 0, all i = 1, . . . , n − 1, and a < 0 and a +ê 1 − aR −1 > 0. The individual's endowment e t is governed by a Markov chain with stationary transition probabilities p(i, j) := Pr(e t+1 = e j | e t =ê i ) > 0, i, j = 1, 2, . . . , n. We assume initial values e 0 ∈ E and a 0 ≥ a are given. The individual's decision problem can be represented by the functional equation:
v(a, e) = max
where Γ(a, e) = (c, a
is the constraint set and v(a, e) are the value functions (one for each realisation e). The resulting policy functions are denoted c = c(a, e) and a ′ = f (a, e). Huggett (Theorem 1) proves that there is a unique, bounded and continuous solution to (3.2) and each v(a, e) is increasing, strictly concave and continuously differentiable in a, while f is continuous and nondecreasing in a, and (strictly) increasing whenever f (a, e) > a. These results extend to our context; see Miao [22] . Huggett assumes n = 2 and persistence of the endowment process: p(2, 2) ≥ p(1, 2), and shows that for a given R, there exists a unique stationary probability measure for x = (a, e) and that there is weak convergence to this distribution for any initial distribution on x (Huggett [Theorem 2]).
We can extend this result to our more general context using the following (the proof can be found in the Appendix). Lemma 1. (i)For a > a, there is at least one e ∈ E such that f (a, e) < a; (ii) there existsâ ≥ a such that for all a >â, all e ∈ E, f (a, e) < a.
Defineā := min a {a ≥ a : f (a, e) ≤ a all e ∈ E} < ∞. (This exists by part (ii) of the lemma, given the continuity of f (·, e).) Ifā > a, then define f (a) := min e {f (a, e)}, where f (a) < a on (a,ā] by part (i) of the lemma, whilef (a) := max e {f (a, e)} > a on [a,ā) by definition ofā. Starting from (ā, e 0 ), repeatedly applying f yields the strictly decreasing sequence (f (f (ā, e 0 )), f (2) (f (ā, e 0 )), . . .) where f (n) denotes the n-fold composition of f .
Suppose that lim T →∞ f (T ) (f (ā, e 0 )) =ã > a. Then by continuity of f , f (ã) = a, which contradicts part (i) of the lemma. So lim T →∞ f (T ) (f (ā, e 0 )) = a, and fixing some a ′ ∈ (a,ā), there exists a finite sequence (e t )
T t=1 with e t ∈ arg min e∈E {f (f (t−1) (f (ā, e 0 )), e)} such that the occurrence of (e t ) T t=1 implies a t < a ′ . Moreover (e t ) T t=1 has positive probability. By a symmetric argument usingf (a), starting from (a, e 0 ), there exists a positive probability, finite sequence of endowment shocks (ẽ t )T t=1 whose occurrence implies a t > a ′ . Let {Z n } in Corollary 1 be identified with the process {e n }, assuming that each ξ Zn n has a degenerate distribution at e n , so that f (X n , ξ Zn n ) = f (a n , e n ). Setting z 0 = e 0 , c = a ′ , z j,2 = e j , N 2 = T −1, z j,1 =ẽ j , N 1 =T −1, and given p(i, j) > 0 for each i and j, the conditions of the corollary are all satisfied.
This implies that there exists a unique distribution π such that the distributions of a t converge weakly to π for any initial value a 0 ∈ [a,ā]. (Ifā = a then this would be a degenerate limit.) Moreover, any subset of (ā, ∞) is transient.
Limited Commitment Risk-Sharing Model
In this section we consider the inter-temporal risk-sharing model with limited commitment. Kocherlakota [19] provides a convergence result for the longrun distribution of risk-sharing transfers when shocks to income are finite and i.i.d. His model has two, infinitely-lived, risk averse agents with perperiod, strictly concave and differentiable utility function u: R + → R defined over consumption, and a common discount factor β. Agent 1 has a random endowment ξ t > 0 at date t = 0, 1, . . . , and agent 2 has a random endowment Y − ξ t > 0 where Y > 0 is a constant aggregate income. There is no credit market but agents can transfer income between themselves at any date. Although Kocherlakota assumes the income hocks are i.i.d., we now show has convergence result is easily extended to the case where {ξ t } is a finite state Markov chain with stationary transition probabilities (as in the previous example). Letting h t = (ξ 0 , ξ 1 , . . . , ξ t ) denote the history of income realisations, agents choose a sequence of history-dependent transfers X t (h t ) from agent 1 to agent 2 subject to −Y + ξ t ≤ X t (h t ) ≤ ξ t for each h t and the self-enforcing constraints that neither agent prefers autarky from that point on after any history over the agreed transfer plan. In particular, the self-enforcing constraints for the two agents are
for each date t and h t . An efficient risk-sharing arrangement will solve (for some feasible U 0 ):
and subject to the self-enforcing constraints. It is well known [see, e.g. , 20] that the solution at each date has the following property: For each realisation ξ, there is an interval
, and there is a one-to-one correspondence between feasible U 0 and agent 1's initial consumption c 0 (h 0 ) ∈ [c ξ 0 , c ξ 0 ]. We can write this in the form (2.4) as c t+1 = f (c t ,ξ t ) whereξ t := ξ t+1 , and where
Here, the first-best is sustainable for some U 0 if and only if ∩ ξ I ξ = ∅. Kocherlakota [19] If the first-best is sustainable, then the mixing condition is not satisfied. In this case it can be seen immediately that there is monotone convergence to a first-best allocation (the limit allocation is dependent on the initial condition).
Conclusion
In this paper we have established convergence results that can be used in a range of models whose dynamics can be represented by a stochastic recursion, and which satisfy two main conditions; first, for a given value of the exogenous driving process, the future value of the endogenous variable is monotone and continuous in its current value; secondly, the driving process is regenerative. The latter includes as a special case irreducible finite Markov chains. These two conditions, along with a standard mixing condition, guarantee weak convergence to a unique limiting distribution.
Existing results typically assume that the driving process is i.i.d. Since the interpretation of the driving process in economic models is usually the exogenous economic environment, the i.i.d. assumption is very restrictive. When the driving process is itself a monotone Markov chain, it is often possible to establish convergence, but with further results needing to be established on the monotonicity of the endogenous variable with respect to the driving process. Our results, on the other hand, can be applied "off-theshelf" and avoid the need for extra results in the monotone driving process case, and, in particular, do not require the process to be monotone.
The idea behind our result is that a regenerative process can be thought of as a sequence of independent and identically distributed cycles, so that we can treat each cycle itself as an i.i.d. shock and adapt earlier results from the i.i.d. case. This implies convergence looking at the sequence of regeneration points. The argument is then extended to dates other than the points of regeneration. We have illustrated our results by extending known convergence results in two canonical models to the case of Markov shocks.
Appendix
Proof of Theorem 1.
Proof. The metric space of probability distributions on [0, 1] with metric d is complete. Due to monotonicity, it is sufficient to show that
exponentially fast. Then (2.9) will follow.
Let ε = min(ε 1 , ε 2 ). Denote by A and B the events
Note that both events are defined by (ξ 0 , . . . , ξ N −1 ), i.e. belong to the sigmaalgebra generated by these random variables Similarly, for t < c, we may use event B to conclude again that 0 ≤ F Proof of Lemma 1.
Proof. (i) For a > a, we cannot have f (a, e) ≥ a all e ∈ E . That is, assets will be reduced in at least one state. Suppose otherwise. Then for some a > a and for all e, where we write v a (a, e) for ∂v(a, e)/∂a: v a (a, e) = u ′ (c(a, e))
= βRE e ′ |e [v a (f (a, e), e ′ )]
≤ βRE e ′ |e [v a (a, e ′ )]
< E e ′ |e [v a (a, e ′ )] , (A.1)
where the first-line is the envelope condition, the second line follows from the first-order conditions to (3.2) (equality because f (a, e) > a), the third line from the assumption that f (a, e) ≥ a, which from the concavity of v(·, e) in a implies v a (f (a, e), e ′ ) ≤ v a (a, e ′ ) for all e ′ , and the final line since βR < 1 and v a (a, e ′ ) > 0. This is a contradiction as (A.1) cannot hold for all e (consider e ∈ arg max e ′ v a (a, e ′ )). (ii) Suppose that, at some (a, e) with a > a, f (a, e) ≥ a. If the same shock recurs at the next date we have c(f (a, e), e) ≥ c(a, e) by c increasing in its first argument, which in turn follows from v a (a, e) = u ′ (c(a, e)) and v (respectively u) strictly concave in a (c). So consumption is at least as high, and we shall show that assets also do not decline at this date; we show that in order to satisfy the Euler equation there must be some other state with consumption sufficiently low that assets will increase after this state too, and moreover marginal utility will also have risen; by repeating this construction a contradiction will arise. As f (a, e) > a, the Euler equation holds with equality (repeating lines 1 and 2 of (A.1)): u ′ (c(a, e)) = βRE e ′ |e u ′ (c(f (a, e), e ′ )). (A.2)
From c(f (a, e), e) ≥ c(a, e), βR < 1 and u being strictly concave, (A.2) implies that u ′ (c(a, e)) ≤ βRu ′ (c(f (a, e), e ′ )) for some e ′ = e. Thus 
